Topological superconductors are gapped superconductors with gapless and topologically robust quasiparticles propagating on the boundary. In this paper, we present a topological field theory description of three-dimensional time-reversal invariant topological superconductors. In our theory the topological superconductor is characterized by a topological coupling between the electromagnetic field and the superconducting phase fluctuation, which has the same form as the coupling of "axions" with an Abelian gauge field. As a physical consequence of our theory, we predict the level crossing induced by the crossing of special "chiral" vortex lines, which can be realized by considering s-wave superconductors in proximity with the topological superconductor. Our theory can also be generalized to the coupling with a gravitational field.
I. INTRODUCTION
Since the discovery of the quantum Hall effect in the 1980's 1,2 , the study of topological states of matter (TSM) has been an active field of research in modern condensed matter physics. TSM are those states of matter which are distinguished from each other by some topological properties rather than more conventional properties such as symmetries preserved or broken by the order parameter. Recently, wide classes of TSM's known as topological insulators (TI) and topological superconductors (TSC) have been proposed, and TI's have been experimentally realized in various materials 3-5 . TI's are insulators with a bulk gap and gapless edge/surface states propagating on the boundary which are robust against perturbations within the given symmetry class. Similarly, TSC's are fully gapped superconductors with a bulk gap for the quasi-particle excitations, and topologically protected gapless quasi-particle states propagating on the boundary. The first example of topological superconductor is the (p + ip)-wave superconductor of spinless fermions in two-dimensions 6 , which has a chiral Majorana fermion state propagating on the edge. (The Majorana fermion of the edge state refers to the fact that the quasiparticle is its own anti-particle.) More recently, a new class of TSC was proposed in three-dimensional (3d) time-reversal invariant (TRI) superconductors [7] [8] [9] , which has spin-triplet pairing in the bulk, and two-dimensional massless Majorana surface states with linear "relativistic" dispersion. The 3 He B phase was proposed as an example of the 3d TRI TSC (more rigorously, a topological superfluid) 10 . Solid state candidates of 3d TSC have also been proposed 11, 12 . A recent tunneling experiment 13 supports the theoretical proposal of Cu doped Bi 2 Se 3 as a TSC 12 , although more experiments are needed to reach a conclusion.
Without interactions, TI and TSC can be described by topological band theories 3,4 , which characterize a class of TI or TSC by a topological invariant of the band Hamiltonian. The classification of non-interacting TI and TSC is understood systematically in generic dimensions 7, 14, 15 . However, in reality all electron systems are interacting, so that the physically interesting TSM are those which are robust even with interaction. In general it is difficult to directly study the topological classification of gapped interacting Hamiltonians or their ground states, except in some special cases such as in one dimension [16] [17] [18] [19] , and in some special classes of models in higher dimensions [20] [21] [22] [23] [24] . A general approach to characterize interacting TSM's is by writing down the possible topological response theories, which describe some observable physical properties of the system, and contain a"topological order parameter" that is required to be quantized by general principles. For example, the quantum Hall effect can be characterized by Chern-Simons theories [25] [26] [27] . The topological order parameter is the coefficient of the Chern-Simons theory which has the physical meaning of Hall conductivity and is quantized due to charge quantization. In the case of 3d TRI TI, the topological response theory is described by a term in the electromagnetic response 4 xF µν F στ ǫ µνστ , in which θ is quantized to be 0 or π mod 2π if the system is time-reversal invariant. This is an example of a topological response theory in which the quantization of the topological order parameter depends on discrete symmetry (time-reversal symmetry in this case). The physical consequence of this topological response theory is the topological magneto-electric effect 14, 28 . Such a topological term has the same form as the coupling of axions with gauge field proposed in highenergy physics 29, 30 . However, in a TI, θ is a constant determined by the bulk topology rather than a dynamical field.
It is therefore natural to ask what is the topological response theory description of TSC. In a superconductor the electromagnetic field is screened, and the edge/surface states of TSC are quasi-particles without a well-defined charge. Therefore the electromagnetic response has been considered as improper for defining the topological response theory. For this reason, the topological BF theory has been proposed to describe the chiral topological superconductor 31 . Alternatively, the coupling to gravitational field and quantized thermal response have been proposed 6, 32, 33 . Similar to the axionic coupling to the electromagnetic field in 3d TI, a term proportional to the Pontryagin invariant of the Riemann curvature is proposed to characterize the gravitational response of 3d TSC, with coefficient θ = 0 or π mod 2π 32, 33 . However, Ref. [32] pointed out that the coefficient θ of the Pontryagin invariant is a U (1) phase, so that under the condition of time-reversal symmetry there are only two physically different values of θ, leading to a Z 2 classification of the TSC rather than the integer classification in the non-interacting case. Ref. [32] proposed an alternative approach of defining a topological response theory by considering proximity effects of TSC to trivial s-wave superconductors. On the surface of a TRI TSC, two thin films of trivial s-wave superconductors are coupled to the TSC by the proximity effect and also coupled with each other through Josephson coupling. When the two films of the s-wave superconductors have a π phase difference, the number of chiral modes propagating along the Josephson junction provides a definition of the integer valued topological invariant of the bulk TSC. This proposal provides a physically operational definition of the topological invariant, which answers the question of whether the integer valued topological invariant of 3d TRI TSC is robust upon electron interaction. However, the s-wave proximity effect is proposed as an experimental setting and is not formulated in terms of a topological field theory description.
In this paper, we develop the topological field theory description of 3d TSC by considering the TSC coupled to both the electromagnetic field and the superconducting phase fluctuations. We demonstrate that the electromagnetic response of the TSC contains a topological term
with i labeling all Fermi surfaces and θ i the superconducting phase of each Fermi surface. C 1i denotes the Chern number describing the spin helicity on each Fermi surface. We dub this theory the "axion field theory" of TSC since it has the form of the coupling between axion and Abelian gauge theory 29, 30 . The details of the derivation and physical consequences will be presented in the later part of this paper. The form of this topological field theory appears similar to that of TI, but there are two essential differences: i) The phases θ i are dynamical variables describing the superconducting phases, which are thus coupled to the gauge field A µ by gauge coupling, while in TI the phase is a constant topological order parameter; ii) In a superconductor there is a Higgs term for the gauge field A µ , so that the gauge field is massive, while in TI the gauge field remains gapless in the long wavelength limit. Due to these two important differences, the physical consequences of this topological term are very different from those of the TI case. Due to the Higgs term, the electromagnetic field vanishes in the superconductor except in vortex cores (if the superconductor is type II). For a superconductor with multiple Fermi surfaces, we can consider vortices of only one Fermi surface, which we call chiral vortices since each Fermi surface with a nontrivial Chern number is equivalent to a Weyl fermion with chirality. We show that the topological term (1) describes an anomaly when chiral vortices cross each other, which can be interpreted as the change of ground state fermion number parity caused by level crossing between quasi-particle energy levels. This is an analog of the Z 2 Witten anomaly in a system of odd flavors of Weyl fermions coupled to an SU (2) gauge field 34 . The s-wave proximity effect proposed in Ref. [32] is shown to be a physical realization of the chiral vortices. Therefore our topological field theory correctly describe the proposed s-wave proximity effect 32 . The rest of the paper is organized as follows. The single particle description of 3d TRI TSC is reviewed in Sec. II, which provides a starting point of our discussion. In Sec. III we present the derivation of the axion field theory by introducing a mapping from the 3d TSC to a four-dimensional TSC. In Sec. IV we discuss the physical consequences of the axion field theory, including the chiral vortex linking effect and the s-wave proximity effect. Finally, Sec. V is devoted to the summary and further discussions.
II. THE (3 + 1)-D TOPOLOGICAL SUPERCONDUCTORS
A. The topological invariant of (3 + 1)-d topological superconductors
As a starting point of our theory, we review the single particle description of the (3 + 1)-d topological superconductors. At the level of Bogoliubov-de Gennes (BdG) theory, the topological superconductors are described by the generic BdG Hamiltonian By defining Q k = h k + i∆ k , one can prove that Q k is non-singular for gapped superconductors. The integervalued topological invariant describing three-dimensional topological superconductor is the winding number of the map from the Brillouin zone torus T 3 to the special linear group SL(N, C) defined by Q k .
For the purpose of this paper, it is helpful to start from an alternative formula of the topological invariant proposed in Ref. [35] in the weak pairing limit. When the pairing is weak compared to the kinetic energy h k , only the pairing near Fermi surfaces of the kinetic energy h k is important for the topological properties of the system. For each Fermi surface Σ n , the momentum dependence of the states |nk on the fermi surface defines a Berry connection a i = −i nk| ∂ ki |nk , which has a Chern number defined by
If one defines the pairing order parameter near the Fermi surface by
it can be proved that ∆ nk is real due to time-reversal symmetry. The choice of T ( nk|) as the wavefunction at momentum −k avoids the ambiguity in the gauge choice of the wavefunction, and makes the statement of a "real" pairing ∆ nk meaningful, which is only possible because of the time-reversal symmetry. The gap of the BdG Hamiltonian near the Fermi surface is |∆ nk |, so that in a fully gapped superconductor, ∆ nk cannot change sign as a function of k on each Fermi surface. Consequently, in a fully gapped TRI superconductor, the sign of the pairing is definite in each Fermi surface. It was proved in Ref. [35] that the topological invariant is given by the following sum of Fermi surface Chern numbers weighted by the sign of the pairing:
As an example, we can consider the following two-band model defined by
in Eq. (2). The time-reversal transformation is defined by T = iσ y . Up to a basis transformation, the Hamiltonian for α = 0 describes the He 3 BW phase [7] [8] [9] 36 . We add a term α to lift the degeneracy between the two Fermi surfaces, which is convenient for defining the pairing order parameter on the Fermi surface. We would like to note that this splitting is just for convenience and is not physically required.
The two Fermi surfaces are spherical with the Fermi momentum
The states around the two Fermi surfaces are defined by the two eigenstates of σ · k, denoted by σ · k |k± = ±|k| |k± . It can be verified that the two Fermi surfaces with the opposite spin helicities have opposite Chern numbers and also opposite signs of the pairing order parameter, so that the topological invariant is given by
A global ambiguity in the definition of the topological invariant
Before proceeding to the next section, we would like to make a comment about the definition of the topological invariant (7). The pairing order parameter ∆ nk is defined in Eq. (6), which depends on the definition of the timereversal transformation in Eq. (3). If we substitute T by −T in Eq. (3), all properties of T are still preserved, and the time-reversal condition for Hamiltonians given by Eq. (4) also remains valid. Therefore a time-reversal invariant Hamiltonian remains so in the new definition of time-reversal. However, ∆ nk defined in Eq. (6) changes sign for all bands. Therefore the topological invariant N is transformed to −N . Since changing the sign of T is equivalent to following the time-reversal transformation by a global phase rotation c k → −c k , there is no physical way to distinguish the two definitions of timereversal symmetry. Consequently, topological superconductors with topological invariant N and −N are physically equivalent. However, such an ambiguity only occurs for a global sign of the topological invariant and does not affect any physical consequence of the topological invariant such as surface states at the interface between two superconductors with different topological invariant. It also does not affect the topological field theory and topological defects discussed in the rest of this paper.
III. (4 + 1)-DIMENSIONAL REGULARIZATION AND THE DERIVATION OF THE AXION FIELD THEORY
With the background prepared in the last section, now we show how the theory reviewed above is related to another topological state of matter, the (4 + 1)-dimensional time-reversal invariant topological insulators 14, 37 . Such a relation will be essential in the axion field theory that we will derive.
From the Fermi surface formula, it can be seen that Fermi surfaces with nontrivial Chern number are essential for topological superconductivity. On the other hand, a Fermi surface with non-trivial Chern number C 1 = 1 is topologically equivalent to a Weyl fermion (with the fermi level generally away from the Dirac point). For example, in the minimal model (8) , the low energy effective theory near each Fermi surface is a Weyl fermion since it has a fixed spin helicity σ · k/|k|. The Fermi surface at k F + has spin helicity +1 with a uniform pairing ∆ 0 k F + . Thus the low energy states around the spin helicity +1 Fermi surface in the weak pairing limit is equivalent to the following Weyl fermion theory:
with µ + = v F + k F + and v F + is the Fermi velocity at this Fermi surface. h.c. stands for Hermitian conjugate of the pairing term. It should be noticed that a uniform pairing is used here to reproduce the pairing near the Fermi surface in the model (8), which is possible because the structure of the pairing is determined by time-reversal symmetry, such that the topologically trivial and nontrivial pairings have the same form when restricted to one Fermi surface. The main difference between topologically trivial and nontrivial pairings is the relative sign between the pairing order parameters at the two Fermi surfaces. The other Fermi surface with spin helicity −1 can be represented similarly by a Weyl Fermion with opposite helicity:
The Hamiltonian H L + H R correctly reproduces the low energy behavior of the minimal model (8) 
and a nm i = −i nk| ∂ ki |mk the U (N ) Berry phase gauge field for a system with N bands occupied. |nk labels the occupied bands. Coupled with a charge U (1) gauge field A µ , the system with Chern number C 2 has a topological response described by the (4 + 1)-d Chern-Simons term
with a, b, .. correctly reproduces the axial anomaly of the Weyl fermions on the boundary 38 . Now consider a (4 + 1)-d topological insulator with Chern number C 2 = 1 on a slab geometry T 3 × I (with T 3 the torus and I the interval), as shown in Fig. 1 (a) . For example a representative Hamiltonian in this class is the lattice model introduced in Ref. [14] :
with Γ a , a = 0, 1, .., 4 Hermitian matrices satisfying the Clifford algebra Γ a , Γ b = 2δ ab . For −4 < m < −2 the system is a topological insulator with Chern number C 2 = 1, and the surface state on each boundary of T 3 × I consists of a single copy of Weyl fermion, with opposite helicity on the two boundaries. The system is time-reversal invariant, with the time-reversal transformation matrix
We denote the periodic dimensions as x 1,2,3 ∈ [0, L 1,2,3 ] and the dimension with open boundary conditions as x 4 ∈ [0, L 4 ]. In the limit of finite L 4 and L 1,2,3 → ∞, the (4 + 1)-d system can be considered as a (3 + 1)-d system with periodic boundary conditions, and a large number (4L 4 ) of bands per site. However, the low energy effective theory of this system only consists of two massless Weyl fermions with opposite helicity.
Now we relate this model to the (3 + 1)-d topological superconductor by considering a superconducting pairing term at each boundary of a(4 + 1)-d system. Physically, one can consider the geometry shown in Fig. (1) (b), with the topological insulator sandwiched between two thin layers of (3 + 1)-dimensional ordinary s-wave superconductors. Denoting the phases of the two superconductors by θ L and θ R , the low energy effective theory of this sandwich structure is given by
Compare this effective theory with Eq. (11) and (12), one can see clearly that the SC-TI-SC sandwich structure is topologically equivalent to a (3 + 1)-d topological superconductor described by the Hamiltonian (8) if
In a similar way, the topological superconductor with higher winding number N can also be represented by a similar (4 + 1)-d "sandwich" model with the bulk Chern number C 2 = N , and two surface superconductors with opposite sign of pairing. The surface states on each boundary consist of N Weyl fermions, each of which has a Fermi surface with first Chern number C 1 = 1. If the two surfaces have opposite sign of pairing, one can verify that the topological invariant of the 3d TSC is N . 
with H bulk [c, c, A i ] defined by the Hamiltonian of topological insulator given in Eq. (16), and H SC the boundary pairing terms (18) . To compute the effective action it is helpful to notice the gauge invariance of the action S [c, c, A µ , θ L , θ R ] under the following gauge transformation:
Here x a , a = 0, 1, 2, 3, 4 denotes the (4 + 1)-d coordinates.
In particular if we make the special choice
θ L , θ R are canceled by the gauge transformation and the gauge field is transformed toÃ a = A a + ∂ a ϕ. This way, the dependence of the effective action on the pairing phases θ L , θ R has been absorbed into the dependence to the U (1) gauge field, and the U (1) gauge field now obtains the 4-th componentÃ
Since the pairing terms are only introduced on the boundary, the bulk remains a (4 + 1)-d topological insulator coupled with the gauge fieldÃ a . Consequently, the effective action of the gauge field still contains the the Chern-Simons term given in Eq. (14) with coefficient C 2 = 1. Written in the physical degrees of freedom θ R(L) and A µ , we have
Thus we see that the Chern-Simons term on the slab geometry is reduced to the (3 + 1)-d axion term with the U (1) field θ L − θ R coupled to the gauge field in an axionic coupling. Besides the topological term (22), we also have the ordinary terms in a superconductor, including Higgs term and the higher order terms such as the Maxwell term. Since the two boundaries represent the two Fermi surfaces in the physical superconductor, the two superconducting phases θ L , θ R are generically not decoupled since there is only a global U (1) symmetry. Thus Josephson type coupling terms cos(θ L −θ R ) are also allowed. With these considerations, we finally obtain the following effective action of the (3 + 1)-d topological superconductor:
The effective action (23) is the central result of this work. It describes the response of the fermions to superconducting phase fluctuations θ R , θ L of the two Fermi surfaces, and to the electromagnetic field. It should be noticed that the effective action applies to both topological and trivial superconductors depending on the ground state values of θ L , θ R . As has been discussed in Sec. II, θ L = 0, θ R = π corresponds to a topological superconductor, and θ L = θ R = 0 corresponds to a trivial superconductor. In the effective action (23), the ground state value of θ L − θ R can be controlled by the sign of J. J > 0 (J < 0) describes topological (trivial) superconductor. Since this effective theory is obtained by integrating out fermions, it only applies to the energy scale below the BCS gap E < |∆ L |, |∆ R |. Therefore the coupling between the two Fermi surfaces must be weak enough such that the mass of the mode θ L −θ R m 2 ≡ 2J/ρ ≪ |∆ L,R | 2 , in order for the effective theory to be meaningful.
The approach of (4 + 1)-d regularization can be generalized to generic TSC with multiple Fermi surfaces. In the weak pairing limit, a superconducting phase θ i can be defined on each Fermi surface. If a Fermi surface has the Chern number C 1i , it is equivalent to C 1i copies of the Weyl fermion studied above. The axion term in the electromagnetic response is given by a sum over all Fermi surfaces. Thus we obtain the following generic effective action:
It is worthwhile to note that a time-reversal transformation acts by θ i → −θ i , A 0 → A 0 , A x,y,z → −A x,y,z , and the effective action is invariant, as expected. The Josephson coupling between the superconducting phases of different Fermi surfaces is always in the form of cos(θ i − θ j ) as is required by time-reversal symmetry. The ground state value of θ i (up to an overall constant) is determined by the Josephson couplings J ij . In general, it is possible that the coupling is frustrated and the ground state spontaneously breaks time-reversal symmetry, although we are mainly interested in the situation with time-reversal symmetry preserved, with θ i = 0 or π for each i. In that case the topological invariant (7) is given by
To summarize this section, we have obtained the generic effective action (24) of (3 + 1)-d superconductors coupled with the electromagnetic field and superconducting phase fluctuations. The most important term in the action is the axionic coupling between the superconducting phase fluctuations and the electromagnetic field, which is a consequence of the nontrivial Chern number of the Fermi surface. The effective action describes both topological trivial and nontrivial superconductors. Although not explicit in the effective action, the topological invariant N is determined by the Chern numbers C 1i and the ground state value of θ i , which is thus determined for a given effective action (24) .
IV. TOPOLOGICAL EFFECTS DESCRIBED BY THE AXION FIELD THEORY
One of the main advantages of an effective field theory description is that it directly describes observable topological response properties of the topological state of matter. Having obtained the effective field theory (24), we now discuss the topological effects described by this theory.
A. Anomaly and chiral vortex lines
Naively, the effective action (24) is dominated by the Higgs terms (∂ µ θ i − 2A µ ) 2 , which leads to Meissner effect and screens the electromagnetic field in the superconductor. With zero field strength F µν in the superconductor, the topological term will have no physical consequence. However, the situation becomes nontrivial when vortex lines are considered in a type-II superconductor. Around an ordinary Abrikosov vortex line, the phases θ i on all Fermi surfaces have the same winding number, so that the phase combination i C 1i θ i in the topological term has no winding. To see the nontrivial consequence of the topological term, it is essential to consider a "chiral vortex line" where only some of the θ i 's have a vorticity. In the following we will study the anomaly at presence of such chiral vortex lines, as a consequence of the topological term.
We start by considering the equation of motion of the gauge field A µ determined by the action (24):
The charge current is defined as
which should be conserved due to the global U (1) symmetry. However, with the F ∧ F term in the action (24) , there is an anomaly in charge conservation. According to Eqs. (26) and (27), we obtain
with
the antisymmetric tensor field for the vortex current. For example, if there is only a vortex line for θ 1 along the z direction at coordinate x = y = 0, with the Chern number C 11 = 1, we have
with other components vanishing. The anomaly is given by
which is half of the Chern number of the electric field F µν in the zt plane. Physically, such an anomaly is related to the fact that there is a 1 + 1-D Majorana-Weyl fermion propagating along the vortex line 9 . The anomalous term above obtained from the effective theory cancels the anomaly of the Majorana-Weyl fermion. By comparison, in the more familiar case of a 1+1d Weyl fermion coupled to gauge field A µ , the anomaly is given by
with a, b = 0, 1. For an electric field with flux 2π, d 2 x∂ a j a = 1 which means that one additional Weyl fermion appears in the 1 + 1-d system. Physically, one can view the Weyl fermion as an edge state of the quantum Hall system, and the anomaly is interpreted as a charge pumping from the bulk to the boundary due to the Hall current. 38 Since a Majorana-Weyl fermion carries half the degree of freedom of a Weyl fermion, the anomaly (31) is also given by half of that of the Weyl fermion.
To obtain a more physical understanding of the anomaly equation, the motion of multiple vortex lines needs to be considered, since the electricmagnetic field inducing the anomaly is only present in the superconductor at vortex lines. For simplicity, consider the N = 1 topological superconductor with two Fermi surfaces satisfying θ L − θ R = π as an example. According to the Higgs term, away from the vortex lines we have (33) so that around a chiral vortex line of θ L , the flux is Consider the configuration illustrated in Fig. 2 with 4 chiral vortex lines, 2 for each of θ L and θ R , along the y direction, and 2 ordinary vortex lines along the z direction. Periodic boundary conditions are assumed along all three directions x, y, z. It should be noted that in such a compact manifold, the flux of the gauge field F µν in each plane xy, yz, zx must be quantized in unit of 2π, which is why the number of chiral vortex lines must be a multiple of 4, and that of ordinary vortex lines must be even. Now consider the motion of z vortex lines across the chiral ones, as is illustrated in Fig. 2 . When both of the z vortex lines move from the left to the right of the chiral ones, due to periodic boundary conditions, they can return to their original position, so that such a process is a periodic evolution of the system. In the following we will show that such a vortex motion corresponds to an instanton process of F µν with nontrivial d 4 xǫ µνστ F µν F στ . Since the field strength is only nonzero in the vortex cores, the term ǫ µνστ F µν F στ vanishes except when two vortex lines cross each other. The field strength corresponds to a static y chiral vortex line at position (x 0 , z 0 ) is
with other components vanishing. Similarly for an ordinary vortex line along the z direction with coordinates (x 0 (t) = vt, y 0 ), the field strength is
Therefore the contribution of the two vortex lines to the topological term is
with δ 4 denoting the 4-dimensional δ function and x 0µ = (x 0 /v, x 0 , y 0 , z 0 ) the crossing point in space-time. In the process shown in Fig. 2 , there are 8 such vortex crossing points. If we denote the location of the 8 crossing points by x µ n , n = 1, 2, ..., 8, the topological term for such a process is
To understand the implication of such a term, consider the transformation θ L (x) → θ L (x) + 2π with θ R invariant. The change of the topological term is ∆S topo = π, so that the partition function changes sign Z → −Z. This seems to be contradictory with the fact that θ L is the phase of the order parameter and is periodic with the period of 2π. However, this is exactly the consequence of the anomaly in the Majorana fermion system. The phase rotation θ L → θ+2π corresponds to a phase rotation of π for electrons ψ L (x) → −ψ L (x). In such a transformation, a many-body state obtains a phase (−1) NL with N L the number of left-handed fermions. (−1) NL is the fermion number parity of the left-handed fermions. In the adiabatic limit, the propagator e iStopo can be considered as a propagator of the ground state back to itself:
The fact that e iStopo → −e iStopo in the global transformation ψ L → −ψ L can be interpreted as the initial and final states having opposite fermion number parity for the left-handed fermion. Similarly, the initial and final state also have opposite fermion number parity for the right-handed fermion. This effect can be understood as a residual effect of the anomaly in Weyl fermions. If we consider the normal state of the topological superconductor, it is topologically equivalent to a pair of Weyl fermions with opposite chirality. In a background field F µν , the Weyl fermions have the anomaly
In an instanton configuration with
, which means one left-handed Weyl fermion becomes right-handed after the instanton process. When we consider superconductivity, the fermion number conservation is broken, but the fermion number parity conservation is still preserved. Consequently the anomaly is still well-defined for instanton processes with odd C 2 . The vortex line crossing process we discussed above is an example of a configuration with C 2 = 1.
More microscopically, such an anomaly can be related to some spectral flow of the Majorana fermions, as is illustrated in Fig. 2 . This is similar to the spectral flow picture of the Z 2 Witten anomaly 34 . Each chiral vortex line hosts a (1 + 1)-d Majorana-Weyl fermion, which can be seen by explicitly solving the Majorana fermion spectrum with a vortex line of the mass term. This is the Majorana version of the axion string. When periodic boundary conditions are considered for the chiral vortex lines along the y direction, whether or not each chiral vortex line has a Majorana zero mode at exactly zero energy depends on the boundary condition of the Majorana-Weyl fermion. We start from the configuration in Fig. 2 (a) and assume that the horizontal vortex lines have anti-periodic boundary conditions and thus have no zero modes. When the perpendicular vortex line crosses the first horizontal one, the boundary condition for the Majorana-Weyl fermion along the horizontal chiral vortex line is changed, so that a pair of Majorana zero modes appear on the two vortex lines which have just crossed each other. Subsequently, when the perpendicular vortex line crosses the second chiral vortex line, there are two Majorana zero modes on the two horizontal vortex lines. When the second perpendicular vortex line crosses them, the boundary condition is changed back to anti-periodic and thus the zero modes disappear. The spectral flow in the whole process is summarized in Fig. 2 (e) which contains a level crossing between electron and hole states. Due to this level crossing, one would conclude that the ground state on the left side and that on the right side have opposite fermion number parity. When the perpendicular vortex lines cross the two right-handed chiral vortex lines, a similar level crossing occurs for the right-handed fermions. Therefore the consequence of the instanton process is the pumping of a fermion from lefthanded Fermi surface to the right-handed Fermi surface. 
B. Chiral vortex lines and s-wave proximity effect
Since there is no independent U (1) symmetry for θ L and θ R , one may expect the chiral vortex lines of θ L and θ R to be confined with each other, which seems to make it difficult to physically realize the vortex motion discussed above. However, in the following we will show that such chiral vortex lines can actually be realized experimentally on the interface between a topological superconductor and a trivial s-wave superconductor. By making use of the interface, the chiral vortex lines are deconfined with each other as long as they stay in the interface plane.
As is discussed earlier, a trivial s-wave superconductor with N = 0 corresponds to setting θ L = θ R . If the phases are (θ L , θ R ) = (0, 0) for the trivial superconductor and (θ L , θ R ) = (0, π) for the nontrivial one, the interface between trivial and topological superconductors is a π phase domain wall of θ R .
(Another possibility is to have (θ L , θ R ) = (π, 0) in the topological superconductor, so that the interface is a θ L domain wall. This case can be analyzed in the same way.) If time-reversal symmetry is preserved, θ R has to jump from 0 to π in the interface between the two materials, which means the pairing amplitude |∆ R | must vanish somewhere near the surface. If time-reversal symmetry breaking is allowed on the interface, θ R can change from 0 to π smoothly across the surface. Since θ R is periodic in 2π, there are different ways to interpolate between θ R = 0 and θ R = π, corresponding to
A vortex of θ R can be created if we consider a domain wall between different interpolations. If ∆θ R = −π for x < 0 and ∆θ R = π for x > 0, a chiral vortex line is created at the line x = 0, z = 0.
Such a chiral vortex line can be realized in a trijunction configuration shown in Fig. 3 which consists of two s-wave superconductor films on the surface of the 3D topological superconductor. 32 The phases of the superconductors can be tuned such that (θ L , θ R ) = ±(π/2, π/2) for the two s-wave superconductors, and (θ L , θ R ) = (0, π) for the topological superconductor. Across the junctions between the three superconductors, the phases θ L and θ R interpolate continuously. Therefore if we follow the evolution of the phases along the counterclockwise circle around the junction (shown by the red circle in Fig. 3 (a) ), the evolution of θ L and θ R are shown in Fig. 3 (b) by the blue and red paths, respectively. From this picture we see immediately that the winding number N L and N R of θ L , θ R are different and we always have N L − N R = 1. Depending on whether the interpolation from −π/2 to +π/2 across the junction between two s-wave superconductors is done through 0 or π, we may have (N L , N R ) = (0, −1) or (1, 0), both of which correspond to the same Majorana-Weyl fermion propagating along the junction as is illustated in Fig. 3  (a) by the dashed line with arrow.
The Majorana-Weyl fermion along the junction in this case can also be understood from an alternative surface state point of view. As has been discussed in Ref. 32 , the s-wave superconductor on the surface with phase π/2 breaks time-reversal symmetry and leads to a mass term of the Majorana fermion on the surface. The surface state of the TSC is described by the low energy effective theory
with m(x) = m(−m) for x > 0 and x < 0, respectively. The Josephson junction is a mass domain wall for the surface Majorana fermion, which induces a MajoranaWeyl fermion bound state propagating on it 32,39 . This construction can be generalized to systems with multiple Fermi surfaces. For a TSC with θ i = 0 or π for each Fermi surface, the s-wave Josephson junction shown in Fig. 3 is a vortex line for each Fermi surface with θ i = π. If the Fermi surface has Chern number C 1i , the chiral vortex line has C 1i Majorana-Weyl fermion modes. (If C 1i < 0, the corresponding Majorana-Weyl fermion has opposite chirality.) Therefore the total number of Majorana-Weyl fermions is which agrees with the bulk topological invariant of the TSC.
V. CONCLUSION AND DISCUSSION
In conclusion, in this work we have derived a new topological field theory description of the three-dimensional TRI TSC. More precisely, our theory describes the dynamics of electromagnetic field coupled with the dynamic phase fluctuation of the superconducting order parameter in a generic (3+1)-d superconductor. The topological property of the TSC is determined by the ground state value of the superconducting phases, so that the physical distinction between superconductors with different topological invariants is characterized by our theory. The superconducting phases couple to electromagnetic field in an axionic topological coupling, with the coefficient determined by a topological property-the Chern number of each Fermi surface. As physical consequences of our topological field theory, we discussed the spectral flow and fermion number parity change in the process of mutual linking between chiral vortex lines. Physically, the chiral vortex lines can be realized by Josephson junctions between s-wave superconductor films on top of a 3d TRI TSC, so that the prediction of our theory can be verified in future experiments for possible candidate materials of 3d TSC.
Following the same derivation as that in Sec. III, one can also investigate the response to gravitational field which was discussed in Refs. 32, 33 . If we consider the coupling of fermions to gravitational field in the (4 + 1)-d theory (19) , beside the Chern-Simons term (22) one will obtain another mixed Chern-Simons term 
This action can be straightforwardly generalized to the more generic form in analogy to Eq. (24):
This result is consistent with the results of Ref. 32, 33 . However, the apparent contradiction between the integervalued topological invariant of the bulk TSC and the Z 2 value of the coefficient θ L − θ R = 0, π in the presence of time-reversal symmetry is resolved in the new derivation, since θ L , θ R are now interpreted as superconducting phase fields rather than a topological order parameter. The bulk topological invariant is determined by the integer coefficients C 1i of this coupling together with the ground state value of the superconducting phase, as is given in Eq. (25) . The main difference between the gravitational and electromagnetic response is that there is no Higgs term in the gravitational response, so that the gravitational field still propagates in the superconductor (if there is an Einstein-Hilbert term in the action). Along a chiral vortex line of θ i , a gravitational anomaly 40 emerges which is consistent with the presence of a Majorana-Weyl fermion mode along it. This work is supported by Packard Foundation (XLQ) and the NSF under grant numbers PHY-0969448 (EW) and DMR-0904264 (SCZ).
